We establish a variational principle for properly mapping a fractional quantum Hall (FQH) state to a fractional Chern insulator (FCI). We find that the mapping has a gauge freedom which could generate a class of FCI ground state wave functions appropriate for different forms of interactions. Therefore, the gauge should be fixed by a variational principle that minimizes the interaction energy of the FCI model. For a soft and isotropic electron-electron interaction, the principle leads to a gauge coinciding with that for maximally localized two-dimensional projected Wannier functions of a Landau level.
We establish a variational principle for properly mapping a fractional quantum Hall (FQH) state to a fractional Chern insulator (FCI). We find that the mapping has a gauge freedom which could generate a class of FCI ground state wave functions appropriate for different forms of interactions. Therefore, the gauge should be fixed by a variational principle that minimizes the interaction energy of the FCI model. For a soft and isotropic electron-electron interaction, the principle leads to a gauge coinciding with that for maximally localized two-dimensional projected Wannier functions of a Landau level. There has been a surge of interest in the realization and exploration of exotic topological states in condensed matter systems, such as quantum anomalous Hall insulators [1, 2] and topological insulators [3, 4] . Recently, theoretical studies reveal a class of topological systems called fractional Chern insulator (FCI), which exhibits fractionally quantized Hall effect in a periodic system with a fractionally filled flat Chern band (FCB) [5] [6] [7] [8] . While most of the studies so far are numerical simulations [9] , it is still a current interest to find a systematic way to construct its ground-state wave function (GSWF) analytically [10] [11] [12] [13] [14] [15] [16] .
Qi proposes that the GSWF could be constructed from ordinary factional quantum Hall (FQH) wave functions (e.g. Laughlin's wave function) [10] . Specifically, the FQH wave function is expanded in a set of single-particle bases of the lowest Landau level (LLL), which are substituted with a set of bases constructed from the FCB. The approach is attractive because the ordinary FQH system, i.e., a two-dimensional (2D) electron gas subjected to a strong magnetic field with a fractionally filled LLL, is unique in that we know how to construct its wave function and determine its various properties [17] [18] [19] [20] . However, the approach has arbitrariness in how the basis sets are mapped between the LLL and the FCB. Actually, Qi adopts a mapping between one-dimensional maximally localized Wannier functions [10] , while Wu et al. develop a more intricate mapping which is believed to provide a better GSWF [21, 22] . Although these approaches achieve successes to a certain extent, choosing a rule for the basis mapping is still largely empirical. It is desirable to establish a general principle to determine the best way to map a FQH wave function to its FCI counterpart.
In this Letter, we establish a variational principle for properly mapping a GSWF of a FQH state in a continuous space to a FCI in a discretized lattice. We survey the most general form of the mapping by explicitly constructing two-dimensional localized Wannier functions, using which one could map a multi-band continuous model to a FCB tight-binding (TB) model. We observe that there exists a gauge freedom in constructing the Wannier functions, and the different gauges will result in TB models of the same kinetic part but very different forms of interactions. As a result, the gauge freedom should be treated as variational parameters of the GSWF, and be fixed by a variational principle minimizing the interaction energy of the FCI model. For a soft and isotropic electron-electron interaction, we show that the principle leads to a gauge coinciding with that for maximally localized two-dimensional projected Wannier funtions of a LLL.
We consider a general 2D tight-binding model,
where h(k) is a N × N hermitian matrix,â(k) (â † (k)) is an N -component annihilation (creation) operator at the quasi-momentum k defined in a Brillouin zone. We can diagonalize h(k) to give rise to a set of bands with dispersions n (k) and eigen-vectors u n (k), n = 1 . . . N . We are arXiv:1510.00524v1 [cond-mat.mes-hall] 2 Oct 2015 particularly interested in a class of FCB systems, which have one or more isolated bands with nearly vanishing dispersions and nonzero Chern numbers. When a FCB is fractionally filled, the interactionĥ int may drive the system to a FQH phase, as that happens in a fractionally filled Landau level, resulting in a FCI. The interaction is usually assumed to beĥ int = i,j,τ1,τ2 V τ1τ2 (R i − R j )n iτ1njτ2 , wheren iτ is an electron number operator at the τ -th site in the i-th unit cell with the lattice vector R i . We further assume that the energy scale of the interaction is much larger than the bandwidth of the FCB, but much smaller than band gaps separating the FCB from the other bands. In this case, it is sufficient to consider a projection of the interaction to the FCB:ĥ
k andd k are creation and annihilation operators in the FCB, respectively, N is the total number of unit cells, and the interaction matrix element is:
where u 1,τ is τ -th component of the eigen-vector for the fractionally filled FCB, which is assumed to have index n = 1, and
. To obtain a GSWF for the FCI model Eq. (1) from its FQH counterpart, it is crucial to establish a proper mapping between the LLL to the FCB. Indeed, if we could ever map a parent Hamiltonian of a FQH wave function (e.g., Laughlin'wave function) to the FCI model, we would readily obtain an exact FCI GSWF by applying the same mapping to the FQH wave function. Unfortunately, this is not always possible by mapping the singleparticle bases only. Nevertheless, we can optimize the approach by requiring that: (I) the mapping should map a continuous model containing a LLL into a TB model that has the exactly same form of the kinetic part of Eq. (1), and map the LLL to the FCB; (II) among all possible mappings satisfying (I), we should pick the best one based on a general principle instead of ad hoc assumptions.
By explicitly constructing a continuous model and mapping it to the TB model, we will show that the requirement (I) can be fulfilled. The construction also makes clear that there exists a gauge freedom that cannot be fixed by the requirement (I) only. As a result, the most general form of the FCI-GSWF using the basis substituting approach can be written as,
where |Φ L is an ordinary FQH many-body wave function defined on a torus, L {k}| is a Slater determinant of a set of magnetic Bloch bases in the LLL with 2D quasimomentums {k}, and |{k} is a Slater determinant with the same set of quasi-momentums {k}, albeit constructed from Bloch bases of the FCB model. In the formalism, the mapping is achieved by substituting each magnetic Bloch basis of the LLL with a Bloch basis of the FCB of the same quasi-momentum. Different choices of {θ(k)} will map the FQH wave function to different FCI wave functions. It is easy to show that both Qi's and Wu et al.'s formalism could be cast to the form. Equation (3) can also be considered as a trial wave function for the FCI with variational parameters {θ(k)}. To fix {θ(k)}, we can apply the variational principle of the ground state energy. It is equivalent to minimize functional:
where
Bloch state of the LLL at quasi-momentum k. The correlation function can be derived from the two-particle reduced density matrix of the FQH state (see Eq. (11)). With Eq. (4), we have a general variational principle to fix θ(k), and fulfill the requirement (II).
The variational problem can be analytically solved for a limiting case when the electron-electron interaction is soft and isotropic, i.e., V τ1τ2 q = V (q), and V (q) = 0 only for qa 1, where a is the lattice constant of the system. In this case,
is the Berry connection of the FCB. We find that θ(k) can be determined by a "Coulomb gauge" condition:
where A L k is the Berry connection for the magnetic Bloch band of the LLL. It can be shown that the gauge is equivalent to that for constructing maximally localized 2D Wannier orbits projected to the FCB [23, 24] .
To obtain these results, we first explicitly construct a continuous model and map it to the TB model Eq. (1). We define a Hilbert space spanned by a set of continuousspace bases {ψ nk (r), n = 1 . . . N }, and ψ nk (r) = ϕ nk (r)χ n , where ϕ nk (r) is a Bloch wave function defined in the real space with the same periodicity of the FCI model, andχ n denotes a N -component pseudo-spin standard basis with χ n |χ n = δ nn . We require that ϕ nk (r) should give rise to the same Chern number C n as its FCI counterpart u n (k), and be an eigenstate of a hamiltonianĥ n with the same dispersion n (k). The hamiltonian of the total system can then be written aŝ T = diag(ĥ 1 , ...,ĥ N ), which is the continuous model to be mapped to the TB model. It is easy to see that the choice of {ϕ nk (r),ĥ n } is not unique, and one can freely choose a convenient one. For instance, for the FCB n = 1, if C 1 = ±1, one can choose ϕ 1k (r) to be the the magnetic Bloch wave function of the LLL, andĥ 1 the hamiltonian for an electron moving in a 2D plane subjected to a uniform perpendicular magnetic field. The choice reproduces both the flat dispersion and the Chern number of the FCB [27] , and is the most convenient one for mapping a FQH wave function defined on the LLL.
We map the continuous model to the TB model Eq. (1) by constructing a set of 2D localized Wannier functions. To do that, we need a set of Bloch wave functions that are continuous and periodic functions of the quasi-momentum in the Brillouin zone. However, due to the topological obstruction of the nonzero Chern number, ψ nk (r) cannot be both continuous and periodic [1] .
where a 1(2) and K 1(2) are primitive lattice vectors in real and reciprocal spaces, respectively. We can then define a new set of Bloch wave functions:
where u n (k) should also be regularized using the same procedure as that for ψ nk (r). As a result, it is also continuous inside the Brillouin zone and satisfies the same quasi-periodicity conditions as Eq. (6). It is easy to verify that φ τ k (r) is both continuous and periodic in the Brillouin zone. Using φ τ k (r), we can construct a set of 2D localized Wannier functions w τ (r;
Moreover, it is easy to show that
i.e., using the {φ τ k (r)} as bases, the continuous model T is mapped to the kinetic part h(k) of the FCI model Eq. (1). With this, we explicitly demonstrate that we can construct and map a continuous model containing a LLL into a TB model that has the exactly same form of the kinetic part of Eq. (1).
It now becomes clear that there exists a gauge freedom θ(k) indicated in Eq. (3), because we can re-
is a continuous and periodic (modulo 2π) function of k, to obtain another valid mapping. Different gauge choices do not affect the mapping to the kinetic part of the FCI model, as that is apparent from Eq. (8). However, they will lead to different spatial distributions of the Wannier functions. As a result, the mapping of the interaction part will sensitively depend on the gauge choice.
To demonstrate the dependence, we explicitly discretize an interactionV (r, r ) = −V ∇ 2 r δ(r −r ) (V > 0), which is the pseudo-potential for Laughlin's state at filling factor ν = 1/3 [28] . For the TB model, we consider a chiral π-flux model [8] , as detailed in Fig. 1 . It is sufficient to assume that the interaction resides only inside the LLL, since only the interaction projected into the FCB is relevant [9, 29] . In general, the mapping will generate an interaction more complicated than that assumed inĥ int . However, for our demonstration purpose, we are only concerned with the interaction matrix elements appeared inĥ int :
where w
is Wannier function projected to the FCB.
We first consider the case of θ(k) = 0. Such a gauge actually corresponds to the one used in Qi's proposal [10, 24, 30] . We immediately observe that neither spatial distributions of the Wannier functions nor the mapped interactionṼ τ1τ2 (R) have four-fold symmetry of the original FCI model, as shown in Fig. 2(a) . It suggests that if such a mapping could ever generate an exact FCI-GSWF, the interaction of the FCI model should be highly anisotropic.
The lack of the symmetry is not intrinsic. Actually, it is easy to find a gauge θ(k) to make the density distribution of w (1) τ (r; R) four-fould symmetric [24] . This is shown in Fig. 2(b) . For a typical FCI model which usually has an interaction with the full symmetry of the underlying lattice, one would expect that the latter choice of gauge could generate a better GSWF for the FCI model. The above observation suggests that different gauges would give rise to FCI-GSWFs appropriate for different forms of interaction. As a result, the gauge should be fixed by the interaction part for a given FCI model. To do that, we note that the mapping of the Bloch bases corresponds to a substitution of the creation (annihilation) operator of the FCB by that of the LLL:
To take account of the gauge freedom, we apply the substitution an extra phase factor for the interacting matrix element M (k 1 , k 2 , q). By applying the variational principle for the ground state energy, and noting that the gauge freedom has no impact on the kinetic energy, it is straightforward to obtain the variational functional Eq. (4).
To evaluate the functional E int [θ(k)], one needs to determine the FQH correlation function Π(k 1 − k 2 , q), which is related to the two-particle reduced density matrix ρ 2 (r 1 , r 2 ; r 1 , r 2 ) for the FQH state on a torus by
For a FQH state of the LLL, ρ 2 (r 1 , r 2 ; r 1 , r 2 ) can be fully determined by its pair correlation functions [31] . Using a general expression of the pair correlation function developed in Ref. 32 , we can obtain a closed expression for
. We find that, in general, Π(k 1 − k 2 , q) can be decomposed into:
where ν is the filling factor of the FQH state, A
is the Berry connection of the LLL, and
For the soft and isotropic electron-electron interaction, we can assume that q is small when evaluating Eq. (4).
To the first order of q 2 ≡´dqV (q)q 2 , we find that:
, and terms independent of θ(k) are ignored. The functional can be rewritten as
, respectively. Noting thatΠ 0 (R) ≥ 0 for all R, which is tested to be true for ν = 1/3 and ν = 1/5 Laughlin's states [24], we conclude that the minimization of E int is equivalent to minimizing |iRθ(R) + ∆Ã R | 2 for all R, which immediately leads to the "Coulomb gauge" condition Eq. (5). Moreover, we can show that the gauge is exactly the one which minimizes the total extent of the projected Wannier functions r 2 w ≡ τ´d r|w
It is interesting to observe that in this limiting case the proper choice of the gauge is fully determined by the topology of the FCB, independent of the FQH state to be mapped. However, for the more general form of the interaction, we expect that the dependence would emerge.
To conclude, we have established a variational principle to fix the gauge freedom when constructing groundstate wave functions for fractional Chern insulators by mappings from fractional quantum Hall states. Our theory is built upon the general variational principle of the ground state energy, free of ad hoc assumptions. It suggests that the proper mapping is not solely determined by quantities of the band topology such as Berry connection and Berry curvature, in contrast to the assumption of most of previous theoretical efforts. In general, it also depends on the form of the interaction and the FQH state to be mapped. All these factors should be considered in a unified variational principle minimizing Eq. (4). Moreover, with Eq. (3), we have a understanding on the general structure of FCI-GSWF. This could be useful if we would want to develop an scheme (e.g., a counterpart of the composite fermion picture) to directly construct FCI-GSWF at the level of the TB model. Finally, we show that the gauge for the maximally localized (projected) Wannier orbits, which are widely adopted in first-principles calculations [23] , could naturally emerge as the gauge choice for soft and isotropic electron-electron interactions in this particular problem.
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In this supplemental material, we show the procedure to obtain the initial gauge used in the main text, and its relation to the gauge in Qi's proposal. We also show how a symmetric gauge used in Fig. 2(b) for the chiral π-flux model could be constructed. We will obtain a closed expression for Π(k − k , q). Finally, we show that "Coulomb gauge" condition is equivalent to that for constructing maximally localized projected Wannier functions.
The procedure for regularizing U(1) phases of Bloch wave functions Thouless shows that the phase factors of the Bloch wave functions can be assigned by imposing the constraints [1] :
where k 1(2) ∈ [0, 1] denotes two components of the quasi-momentum, and
The resulting Bloch wave functions will be continuous inside the Brillouin zone, and satisfying the quasi-periodicity conditions:
and δ(k 2 + 1) = δ(k 2 ) − 2πC, where C is the Chern number of the band. We can make a further transformation:
It is easy to verify that the wave functions satisfies the quasi-periodic condition Eq. (6) of the main text. This is the initial gauge used in the main text For a rectangular Brillouin zone, the gauge obtained from the above procedure can be explicitly written as,
where a(k) is the Berry connection of the initial Bloch wave functions, and δ 0 =´K y 0 dp y a y (0, p y ), δ(k y ) = Kx 0 dp x a x (p x , k y ). It is exactly Qi's generic gauge (See Ref. [30] in the main text, the gauge used in Ref. [10] can be obtained by setting a y = 0).
The magnetic Bloch wave function of the LLL in the initial gauge for a rectangular Brillouin zone can be written as,
where l M is the magnetic length, and L y is the length of the system along y-direction. For given periodicity, 2πl 2 M = s u , where s u is the area of a unit cell.
Symmetric Gauge
In this section, we show how to find a symmetric gauge for the chiral π-flux model. Because of c 2z symmetry of the TB model, the Bloch wave functions of k and −k is related by,
where ϑ(k) can be determined numerically and is found to be periodic function of the momentum. To obtain symmetric Wanneir functions, we eliminate ϑ(k) by a gauge transformation u(k) → u(k) exp(iθ(k)), and
By noting that ϕ k (−r) = ϕ −k (r), it is easy to verify that the Wannier functions have the following symmetry:
The symmetry is sufficient to make the interacting matrix elements symmetric.
The calculation of the closed expression for Π(k − k , q)
In this section, we obtain a closed form for the correlation function Π(k − k , q). The two-particle density matrix is defined as ρ 2 (r 1 , r 2 ; r 1 , r 2 ) = N e (N e − 1)ˆN e j=3 dr j Φ * ν (r 1 , r 2 , r 3 ...r Ne )Φ ν (r 1 , r 2 , r 3 , ..., r Ne ).
(S11)
The analytic property of the many-body wave function in the LLL allows us relating the two-particle density matrix to the pair correlation function (see Ref. [32] of the main text). This is because a many body wave function in the LLL can always be written as (for the gauge A x = −By, A y = 0), 
where the G(z 1 , ..., z N ) is an holomorphic function about z j = y j + ix j (j = 1, ..., N e ). As a result, the two-particle reduced density matrix must have the form, ρ 2 (r 1 , r 2 ; r 1 , r 2 ) = exp − x Gauge condition for the maximally localized projected Wannier functions
In this section, we will show that the "Coulumb gauge" condition will minimize the extent of the projected Wannier functions. It is easy to show that: 
Minimizing r 2 w over θ(k) leads to condition:
which is exactly the "Coulumb gauge" condition Eq. (5) 
